Dromion Interactions of a (2+1)-Dimensional sine-Gordon Equation
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Starting from two line solitons, the solution of an integrable (2+1)-dimensional sine-Gordon equa-
tion in bilinear form yields a dromion solution that is localized in all directions for a suitable potential.
The interaction between two dromions is studied in detail through the method of figure analysis. For
different selections of parameters, the interactions between two dromions may be elastic, not complete-

ly elastic, or completely inelastic.

1. Introduction

Since the pioneering work of Boiti, Leon, Martina and
Pempinelli [1], the study of exponentially localized soli-
ton solutions, called dromions, in (2+1) dimensions has
attracted much attention of physicists and mathematicians.
Usually, dromion solutions are driven by two or more non-
parallel straight-line ghost solitons. For instance, for the
Davey-Stewartson (DS) [2] and the Nizhnik-Novikov-
Veselov (NNV) [3] equations, their dromion solutions are
driven by two perpendicular line ghost solitons [1, 4]. For
the Kadomtsev-Petviashvili (KP) equation, the dromion
solutions are driven by nonperpendicular line ghost soli-
tons [5]. For one type of nonlinear models, say the DS,
NNV, and asymmetrical NNV (ANNV) [6] equations, dro-
mion solutions exist for physical fields. However, for oth-
er types of equations like the KP and the breaking soliton
equations, dromion solutions exist only for some suitable
potentials of the field [5, 7]. More recently, even more gen-
eralized dromion solutions which are driven by curved and
straight line solitons for some types of (2+1)-dimension-
al nonlinear modes were found [8].

In this paper we are interested in the interaction of
dromions for the (2+1)-dimensional integrable sine-
Gordon equation (SGE). The SGE plays a central role
in such diverse fields as differential geometry [9], non-
linear optics [10], plasma physics [11], superconductiv-
ity [12], and particle physics [13]. The present popular-
ity of the SGE in particle physics is primarily due to its
intimate connection with soliton theory [14] and to the
equivalence of the quantized SGE with the charged-ze-
ro sector of the massive Thirring model [15]. So studies

significant. It is well known that the interactions of
(1+1)-dimensional solitons are elastic. There is no ex-
change of energy (no change of shape and velocity)
among interacting solitons. But different results have
been reported for (2+1)-dimensional integrable
systems. For example, the dromion interactions report-
ed are inelastic for the DS equation [16], but for modi-
fied KdV (MKdV) and Sawada-Kotera (SK) systems the
interactions are elastic [17]. The question why the inter-
action between dromions is elastic for some models and
inelastic for others has not yet been answered and shall
be dealt with in this paper. We also hope to learn wheth-
er there are different interactive properties when dro-
mions are interacting due to the different selection of pa-
rameters for the same (2+1)-dimensional integrable
model. In order to answer these questions, we study
(2+1)-dimensional integrable SGE’s with physical sig-
nificance in detail.

The paper is organized as follows. In Sect. II, the mul-
ti-dromion solutions are given for (2+1)-dimensional
integrable sine-Gordon (SG) systems. Plots of the inter-
action of two dromions for the SGE are shown in Sec-
tion III. Section IV contains a summary and discussion.

2. Multi-dromion Solutions of the (2+1)-dimensional
sine-Gordon Equation

The bilinear form of a (2+1)-dimensional SG system
can be written as

ADx)(f-f-8-8=AD,,D,, D)) (f-f-g-8)=0,(1)

of the interactive property dromions for this model are B(Dy) f-g=B(D,,D,,D,) f-g=0, (2)
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Fig. 1. The plots of the interaction of two dromions formed by three line solitons which are characterized by n,=x-1/2y-2t=
x1=21,N,=2/3x+y-27/351t=y,-27/351,n3==T7/9x-2/3 y + 729/829 t =—7/9 x,+729/829 t. The time of the figures reads: (a) r=-30,
(b) t=0, (c) t=30. (d) is a cross section plot («u=+0.01) in correspondence with (a), (b), and (c).

where A and B are even and odd functions of the vari-
ables X=(x, y, 1), Dy=(Dy, Dy, D,), and the D-operators
are defined by [18, 19]

Dﬁ D:n Df f 8= (a.x_ax')" (a\'—avv’)m (a’_at,)p
(fX) - g(X))x=x- (3)
It may be proved that a single dromion solution of the
equations (1, 2) exists if a physical field
u=L(dx) K dy) (tan™'(g/[)) )
=(a; 9,+b; 9,) (a; 0, +b, d,) (tan”" (g/f))
is defined, where a,, b, a,, b,, should be selected such

that the linear operators L (dy), K (dy) annihilate two line
solitons

f=1+a; exp(n,;+1n,), g=exp (1,)+exp (1>), )

ni=p; x+q; y+w;t+const=P; - X+const (6)
with
P, =(pi,qi,wp), (i=12), B(F)=0
i i 1§ 7
A(P + B)

That is to say, in the space-time (x, y, f) the dromion so-
lutions are driven by ghost line solitons, which are non-

parallel to each other. Two line solitons are annihilated
by two linear operators L (dy) and K (dy), while a dro-
mion, which is located at the crossing point of the two
line solitons survives. From (4)—(6) we see that, if we
take a space transformation

pP1X+qiy=pXx, p2X+q>y=q4)y;,

A=py g2-p> q1#0 (3)
and fix the constants a;, b;, in (4) as a;=-q,q/A,
bi=pqlA, a,=q,plA, by=—p,pl/A, then (4)-(6) are
changed to

u=(a, d,+b, 9,) (@29, +b, d,) (tan”" (g/f))

=0,,0,, (tan”' (g/f)), )

f=1+a;;exp(n,+13), g=exp (n;)+exp (1),

n,=p Xx; +const, 1,=q y, +const. (10)

Concretely, we discuss the dromion structures for the fol-
lowing (2+1)-dimensional integrable SGE [20]

AMDy)(f-f-g-8=D,D,(f-f-g-8=0,
B(Dy) f-g=(D} D,+D, D,+a) f- g=0.

(1)
(12)

Using the general step developed by Hirota, the N line
soliton solution of the equation system (11, 12) can
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be written as

NP2
f(x._\‘.t)=z Za(i].ig ..... ir,)
n=0 xC,,
exp (M + Nz +...+ Mi2y), (13)
[(N=1)/2]
gy, )= 3 X alijosees jome)
m=0 NCamsi
exp(Mjr+Njp+...+Njamst) s (14)
" ad i) forn22
a(ll.lz,....l,,)—{l TR (15)
Lo _AB—FR k= Pit) (Wig=w;
ali, i) = (Pi=Pu) _ (Pix=pir) (Wi W/)’ (16)
AP+ Py (patpi) (wip+wy)
Ni=piX+q;y+w;t+1;0, (17)
B(Py)=p; wi+q; wi+a=0. (18)

[N/2] denotes the maximum integer which does not ex-
ceed N/2 and n;, is an arbitrary but finite real constant re-
lated to the phase of the i-th soliton. ,C,, indicates sum-
mation over all possible combinations of n elements tak-
en from N, and I1}") indicates the product of all possible
combinations of the n elements. From (9) and (10) we
know, because a;, b; are g;, p; dependent, that multi-dro-
mion solutions for the potential # given by (10) are al-
lowed only for a special form such that two linear opera-
torsa; d,+b; d,(i=1,2) with fixed a; b; annihilate all the
line solitons. So the multi-dromion solutions exist only
for the potential form in the new space coordinates x, y,

u:a\] a\.] (tan™ (g (x; v, DIf (x1,v1.0), (19)

where the forms of g (x;, v, 1) and f(x;, y,. 1) are the
same as those of (13) and (14), but 7, should be taken as

Ni=pi X+q; Y+ w; t+;0=p] X;+w; t+1;5 Or
Ni=pi X+q; Y+ w; t+Ni0=q] yi+w; t+1;0. (20)

As an example, we write down the explicit forms of f
and g for N=3:

f,y, nD=1+a(1,2)exp(n,+n>) 21)
+a (1, 3)exp (n,+n3)+a (2, 3)exp (N,+1N3),

g (x, y, )=exp (1) +exp (1,) +exp (13) (22)
+a(1,2)a(1,3)a(2,3)exp (n,+N>+1N3),

ni=p/x+wit+n;0 or 1n;=q/yv+w;t+ N, (23)

p,3 wi+q; wi+a=0, (24)
(pi=p;)(wi=w;)

a(i,j)= PPy —-, (25)

(p,-+p_,- )(w,-+wj )
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3. Dromion Interactions

It is known that in (1+1)-dimensions there is no ex-
change of physical quantities like energy and momentum
of the solitons after collision. Except for the phase shifts,
the velocities and shapes remain unchanged.

We hope to learn whether a similar property is valid
or not for the interactions among dromions for (2+1)-di-
mensional integrable models. Especially, we hope to
learn whether the interactions are parameter dependent
or not.

It is difficult to study the interaction of the dromions
analytically because of the complexity of the multi-dro-
mion solutions. It is more straightforward to study the
dromion interactions graphically.

Figure 1 is the interaction plot of two dromions which
are formed by three ghost line solitons for the SGE, where
the three ghost line solitons are characterized by

nlzx—%y—2l:x1—2t. (26)
n3:—2—x+_\'—2r=v\'1—21. (27)
3 35 35
113=—zx—g_\'+mt=—1xl+mt, (28)
9 3 829 9 829

anda (1,2),a(1,3)and a (2, 3), determined by (p;, g;),
are all nonzero in (21) and (22). In Figs. 1 (a), 1(b), and
1 (c), the time 7 is taken as —30, 0, and 30, respectively.
Figure 1(d) is a cross section plot of the two dromions
before and after interaction in correspondence with Figs.
1(a), 1 (b),and I (c), respectively, while u=const=+0.01.
Comparing Figs. 1(d) with Fig. 1 (a)—(c), one can clear-
ly see that the shapes of the two dromions are totally equal
but their directions have been exchanged when they are
interacting, that means there is not exchange of energy
and momentum but there is exchange of some kind of
angular momentum, and the phase shifts.

Figure 2 is the interaction plot of two dromions, which
are formed by three ghost line solitons characterized by

nl—l.x +72v\—274t=f1».\‘,—14t (29)

2 3 19 2 19
3 1/3

ny,= 2+(l)—1 PRV P - Y

3 \2 4 19 4 19
(30)

1 1 27

’13:§\A+A\—-*f=3'.\’]——iéf (3])
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Fig. 2. The plots of the interaction of two dromions for this model. The related three line solitons are determined by
M=12x+2/3y-24/191=1/2 x,-24/191, 1,=(2/3 +(1/2)°=3/4)"x+3/4y-24/191=3/4y,~24/191, 7n;=1/3x+y-27/281=
1/3x,—27/28t. The time of the figures reads: (a) r=—200, (b) t=0, (c) t=100.
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Fig. 3. The plots of the interaction of two dromions for the same equation. The corresponding three line solitons are determined
by m=1/3x+2/3y-27/191=1/3 x,=27/191, N,=(2/3 +(1/3)°=3/4)"3 x+3/4y-27/191=3/4y,-27/191, Nn3=1/3x+y-27/281=
1/3.x,-27/28 1. The time of the figures reads: (a) 1=-50, (b) r=0, (c¢) 1=300.
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Because of the parameter-values in (29)-(31),
a(1,2)=0,a(1,3)#0,a (2,3)#01in (21) and (22). In the
Figs. 2(a), 2(b), and 2 (c), the time 7 is taken as 200, 0,
and 100, respectively. NotasinFig. 1,fromFigs.(2a)-(2b)
we can clearly see that the shapes of the two dromions
are changed after interaction. That is to say that there is
exchange of energy and momentum between the dro-
mions when they are interacting.

Figure 3 is the interaction plot of two dromions which
are formed by three ghost line solitons for the same mod-
el, but the three ghost line solitons are determined by
A= xS g 2L e S

32
3 3 19 3 19 el

4 4 19 19
(33)
1 27 1 27
==x+y—-=-t= - 5 34
n3 3x y 23 X 23 (34)

and a (1, 2) and a (1, 3) are zero while a (2, 3)#0 in the
functions of f and g because of p; and g; in (23)—(25).
In the Figs. 3(a), 3(b), and 3(c), ¢ is taken as 50, 0, and
300, respectively. From Fig. 3 one can see that two dro-
mions before interaction become one dromion after inter-
action. That is to say, the collision between two dromions
is completely inelastic.

4. Summary and Discussions

In summary, we have constructed multidromion solu-
tions of the (2+1)-dimensional sine-Gordon type for
some suitable potentials. The multidromions are con-
structed by multi-line solitons, say a single dromion is
constructed by two line solitons and two dromions are
constructed by three line solitons. All the line solitons
should be parallel to the new axes {x;, y;}.

For (1+1)-dimensional integrable models, like the
KdV equation, the interaction among solitons is com-
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